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Introduction and Statement of the Results
The inequality n j=1 z 1/n j ≤ 1 n n j=1 z j , 0 < z j , n = 1, 2, . . .
is a most proeminent result of the general theory of inequalities and many different and beautiful proofs and generalizations (see [1] ) are known.
In this paper we shall be concerned by analogues of (1) in the case where the quantities z j are assumed to represent complex numbers. Let λ j be positive numbers whose sum is one and H := λ j z j represent respectively the harmonic, geometric and arithmetic means of the numbers {z j } with weights {λ j }; assuming the complex numbers z j to satisfy |z j − 1| ≤ r < 1, we wish to obtain bounds for the modulus of H in terms of A and G. Our main results are Theorem 1
.
Theorem 4
All of our results are sharp and it should be noted that the bounds given for |H| in Theorem 1 and 2 cannot in general be compared and the same comment applies for Theorems 3 and 4. Results of this type are relatively new and we only mention the inequality
obtained recently in [3] . Our work is based on geometric function theory and we wish to give a short survey of the classes of functions we shall use. Let D denote the unit disc {z | |z| < 1} of the complex plane C and H(D) the space of analytic functions in D, endowed with the topology of uniform convergence on compact subsets of D. Let B = {w ∈ H(D) | |w(z)| ≤ |z|, z ∈ D}, the class of bounded functions and for 0 ≤ α < 1
the class of starlike functions of order α. The set of functions f of the type
is a dense subset of S α . Finally we shall use
the class of convex functions. It is known that f ∈ C ⇐⇒ zf (z) ∈ S 0 . We refer to the book of Duren [2] for more complete information concerning these classes of functions and basic facts concerning geometric function theory.
Proof of Theorem 1
We have, writing
and
where we have made use of the "real" geometric-arithmetic means inequality. Upon multiplication of (3) and (4) we obtain |H| ≤ |A|/(1 − r 2 ). This last inequality is sharp: if
and n = 2. we have
Any function of the type F (z) = z/1 − xz, |x| ≤ 1, belongs to C and this simple fact can be used to prove that the set of functions 1/1 − w defined as
We shall now prove that
which is of course equivalent to |H| ≥ (1 − r 2 )|A|.
Let w ∈ B such that |w(z)| < |z| and
By Schwarz Lemma, this means that we assume w(z) ≡ z ze iφ + a 1 +āze iφ where φ ∈ R and |a| ≤ 1.
Let also ζ ∈ D, ζ = 0 and Z ∈ D such that |w(ζ)| < |Z| < |ζ| and |w (0)ζ| < |Z| < |ζ|.
We consider a function W ν defined by
Clearly, by (9), W ν ∈ B, W ν (Z) = w (0)ζ and
We would also like to have W ν (0) = w(ζ)/Z. This is equivalent to
and all we need is to choose Z according to (9) and
But the left-hand side of inequality (10) is a continuous function of Z ∈ [rζ, ζ], (here r is positive and close enough to 1) and according to (8), (10) holds if Z = ζ; it must therefore also hold from some Z strictly inside the segment from rζ to ζ. It follows from (5), (9) that
i.e. (6) holds for all functions w in B which satisfy (8) and by continuity (6) holds for all w ∈ B. The inequality (7) is valid and sharp: if
and n = 2 we have
Our proof rests on another type of evaluation of |1 − w (0)z|/|1 − w(z)| when w ∈ B. We write
where ν ∈ B. Then
Therefore, with α = w (0)z and β = z z − w (0) /(1 − w (0)z), elementary properties of Möbius transforms yield
Let us define a function w ∈ B by
then 1 − w (0)z = n j−1 λ j (1 + x j z) and the above inequalities give
which is equivalent to the statement of Theorem 2. These inequalities are sharp: if z 1 = 1 + ir, z 2 = 1 − ir, λ 1 = λ 2 = 1/2 and n = 2, we have A = 1 and
if z 1 = 1 + r, z 2 = 1 − r, λ 1 = λ 2 = 1/2 and n = 2, we have A = 1 and
We remark that a more careful evaluation of |1 − w (0)z|/|1 − w(z)| would lead to the following improvement of Theorem 2,
The above inequalities are also sharp but in some sense "heavier" than those given by Theorem 2.
Finally the estimate |w(z)| ≤ |z| |z| + |w (0)| / 1 + |w (0)||z| , valid for all z ∈ D and w ∈ B also leads to estimations of |H| in terms of A; since
we shall obtain the sharp inequalities 
Proof of Theorem 3
While proving |H| ≤ |A|/(1 − r 2 ). we obtained (see (3)) |H| ≤ |G|/ √ 1 − r 2 . It is easily checked that equality holds when equality holds in |H| ≤ |A|/(1 − r 2 ). Note that for the functions
and by density this last result must be valid for all f ∈ S 1/2 (this was already noticed by Hall [4] ).
We now wish to compute sup
According to a result of Pinchuk [6] , it is sufficient to consider functions
with x, y ∈ D and 0 ≤ λ ≤ 1/2. For such functions
and it is clear that
because the function U λ (t) := λt λ−1 + (1 − λ)t λ attains its minimum for t > 0 at t = 1, which is the only critical point of that function for t > 0. Let us now prove that
A simple calculation shows the last statement amounts to
and this last inequality is obviously true as can be seen from the power series 
and by considering
, we obtain the sharp left-hand side inequality in the statement of Theorem 3.
Proof of Theorem 4
Let L(z) := −ln(1 − z); since Re(1 + zL (z)/L (z)) = Re(1/1 − z) > 1/2, the function L belongs to C and any function as (1 + x j z) and belong to the class S 0 . According to a result of V. Singh [7] 1 − |z|
Since rf (r)/f (r) = −1 + 2/H and r/f (r) = G 2 , we obtain
Clearly |H| ≤ |G| 2 /1 − r and equality shall hold if all numbers z j equal 1 − r.
Concluding Remarks
We wish to end this paper with some remarks concerning the inequalities in (2): in some sense these inequalities are unsatisfactory because of asymmetries in their formulation; it would be, for example, desirable to obtain a lower bound for the quotient |G|/|A|. Consider a function f (z) := z + which is clearly the same as
